
ON COHOMOLOGICAL DECOMPOSITION OF
GENERALIZED-COMPLEX STRUCTURES

DANIELE ANGELLA, SIMONE CALAMAI, AND ADELA LATORRE

Abstract. We study properties concerning decomposition in cohomology by
means of generalized-complex structures. This notion includes the C∞-pure-
and-fullness introduced by Li and Zhang in the complex case and the Hard
Lefschetz Condition in the symplectic case. Explicit examples on the moduli
space of the Iwasawa manifold are investigated.

Introduction

The decomposition of harmonic forms on compact Kähler manifolds into bi-
graded components is a strong result in Hodge theory. Therefore, one would also
like to extend results on cohomological decompositions to weaker structures, maybe
relying on their complex, symplectic, or Riemannian aspects. We recall, for exam-
ple, the theory initiated by J.-L. Brylinski on Hodge theory for symplectic manifolds
[9]. The analogies and differences between the results obtained in the complex
and symplectic cases acquire a deeper meaning when they are framed into the
generalized-complex setting. Tools from generalized-complex geometry have been
recently used to develop a Hodge theory for SKT structures in [14]. The aim of
this note is to provide a notion of cohomological-decomposability on generalized-
complex manifolds, showing its coherence with already-known notions for complex
and symplectic structures. We consider that having a comparison frame between
these two parallel cases may inspire further results, in either complex or symplectic
geometry.

Let (X, J) be a compact complex manifold. There is a natural bi-graded sub-
group of the de Rham cohomology of X, given by the image of the map

H•,•BC(X) := ker ∂ ∩ ker ∂
im ∂∂

−→ H•dR(X;C) .

Observe that the surjectivity of this map would yield to a cohomological decom-
position of de Rham cohomology related to the complex structure. In fact, the
stronger property of the above map being an isomorphism is called the ∂∂-Lemma
property. Furthermore, it should be noted that these subgroups also make sense in
a more general framework: that of almost-complex structures J on X. Indeed, it
suffices to set

H
(p,q)
J (X) :=

{
[α] ∈ Hp+q

dR (X;C) : α ∈ ∧p,q
J X

}
⊆ Hp+q

dR (X;C) .
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In the integrable case, H(p,q)
J (X) = im

(
Hp,q

BC(X)→ Hp+q
dR (X;C)

)
. Such subgroups

have been studied by T.-J. Li and W. Zhang in [28] when investigating symplectic
cones on almost-complex manifolds. It is important to mention that, in general,
these subgroups may not yield to a decomposition of the de Rham cohomology.
In this sense, the result by T. Drǎghici, T.-J. Li, and W. Zhang in [17, Theorem
2.3] appears as a very specific property of compact 4-dimensional manifolds: it
states that any almost-complex structure J on a compact 4-dimensional manifold
X4 satisfies

H2
dR(X4;R) =

{
[α] ∈ H2

dR(X4;R) : Jα = α
}

⊕
{

[α] ∈ H2
dR(X4;R) : Jα = −α

}
.

Another interesting example is the Iwasawa manifold I3, which is one of the sim-
plest non-Kähler example of complex threefold [18]. With respect to its natural
holomorphically-parallelizable complex structure, the map H•,•BC(I3) → H•dR(I3;C)
is surjective (see [4, Theorem 3.1] and §3). The same holds when one endows the
underlying differentiable manifold of I3 with the Abelian complex structure given
in §3 (see [27]). Such examples show that this kind of decomposition is a strictly
weaker property than the ∂∂-Lemma.

Consider now a compact symplectic manifold (X, ω). A symplectic Hodge theory
was proposed by J.-L. Brylinski in [9] and further results in this direction were
obtained, among others, by O. Mathieu [29], D. Yan [39], V. Guillemin [22], and
G. R. Cavalcanti [10]. Recently, L.-S. Tseng and S.-T. Yau introduced and studied
some symplectic cohomologies [36, 37, 38, 35]. The group

SH•BC(X) := ker d∩ ker dΛ

im d dΛ ,

also denoted by H•d + dΛ in [36], plays the same role as the Bott-Chern cohomology
for complex manifolds (here, dΛ := [d,−ιω−1 ]). As shown in Proposition 2.6, the
surjectivity of the natural map

SH•BC(X) −→ H•dR(X;R)

induced by the identity turns out to be equivalent to the property that every de
Rham cohomology class admits a d-closed, dΛ-closed representative; that is, the
Brylinski conjecture [9, Conjecture 2.2.7] holds. This is also equivalent to the Hard
Lefschetz Condition [29, Corollary 2], [39, Theorem 0.1] and to the so-called d dΛ-
Lemma [30, Proposition 1.4], [22], [10, Theorem 5.4]. (In fact, note that the spectral
sequences associated to the bi-differential complex

(
∧•X, d, dΛ

)
degenerate at the

first level [9, Theorem 2.3.1], [19, Theorem 2.5], in contrast to the complex case.)

Generalized-complex geometry was introduced by N. Hitchin [23] and studied,
among others, by his students M. Gualtieri [20, 21] and G. R. Cavalcanti [11]
(see also [12]). It provides a unified framework for both symplectic and complex
structures. In fact, any generalized-complex structure is locally equivalent to the
product of the standard complex structure on Ck and the standard symplectic
structure on R2n−2k; see [20, Theorem 4.35], [21, Theorem 3.6].

In this note, we study some results concerning decomposition in cohomology
induced by generalized-complex structures J on a compact manifold X. More
precisely, we consider the property that the natural map

GH•BC(X) := ker ∂ ∩ ker ∂
im ∂∂

−→ GHdR(X)
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is surjective (here, ∂ and ∂ are the components of the exterior differential with
respect to the graduation induced by J on the space of complex forms). In the
special cases when J is induced by either a symplectic or a complex structure, we
compare this property with the already-known notions (see Proposition 2.6 and
Proposition 2.9).

As an explicit example, we study structures on the real nilmanifold underlying
the Iwasawa manifold. In particular, we focus on the holomorphically-parallelizable
and the Abelian complex structures mentioned above, which provide a cohomolog-
ical decomposition in complex sense (see §3). In fact, they induce a cohomological
decomposition in generalized-complex sense, too. As observed in [24], they belong
to two different components of the moduli space of left-invariant complex struc-
tures on the differentiable Iwasawa manifold. Nevertheless, G. R. Cavalcanti and
M. Gualtieri showed in [15] that such structures can be connected by a path of
generalized-complex structures, which are given as β-transform and B-transform
of a generalized-complex structure ρ. We study the cohomological decomposition
property of such ρ, proving that the natural map from the generalized-Bott-Chern
to the generalized-de Rham cohomology is surjective (see §3.1). Furthermore, we
provide another curve of generalized-complex structures connecting these two com-
plex structures, but arising as β-transform and B-transform of a curve {Jt}t∈[0,1]
of almost-complex structures. However, we show that these Jts do not satisfy co-
homological decomposition in the sense of Li and Zhang.

Acknowledgments. The authors are greatly indebted to Xiuxiong Chen, Adriano
Tomassini, and Luis Ugarte for their constant support and encouragement. This
work was in part initially conceived during the stay of the first author at Universidad
de Zaragoza thanks to a grant by INdAM: the first author would like to thank the
Departamento de Matemáticas for the warm hospitality. Thanks are also due to
Magda Rinaldi for useful discussions.

1. Preliminaries and notation

In this section, we recall the main definitions and results in generalized-complex
geometry, in order to fix the notation. See, e.g., [12] and the references therein for
more details.

1.1. Generalized-complex structures. Let X be a compact differentiable man-
ifold of dimension 2n. Consider the bundle TX ⊕ T ∗X endowed with a natural
symmetric pairing given by

〈X + ξ |Y + η〉 := 1
2 (ξ(Y ) + η(X)) .

A generalized-almost-complex structure on X, [20, Definition 4.14], is a 〈- | -〉-
orthogonal endomorphism J ∈ End(TX ⊕ T ∗X) such that J 2 = − idT X⊕T ∗X .

Following [20, §3.2], [21, §2], consider the Courant bracket on TX ⊕ T ∗X,

[X + ξ, Y + η] := [X, Y ] + LXη − LY ξ −
1
2 d (ιXη − ιY ξ) ,

and its associated Nijenhuis tensor for J ∈ End (TX ⊕ T ∗X),

NijJ := − [J -, J -] + J [J -, -] + J [-, J -] + J [-, -] .

(As a matter of notation, ιX ∈ End−1 (∧•X) denotes the interior product with
X ∈ C∞(X;TX), and LX := [ιX , d] ∈ End0 (∧•X) denotes the Lie derivative
along X ∈ C∞(X;TX).)
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A generalized-complex structure on X is a generalized-almost-complex structure
J ∈ End(TX ⊕ T ∗X) such that NijJ = 0, [20, Definition 4.14, Definition 4.18],
[21, Definition 3.1].

1.2. Graduation on forms. Generalized-complex structures provide a graduation
on the space of complex differential forms [20, §4.4], [21, Proposition 3.8].

Consider a 2n-dimensional differentiable manifoldX endowed with a generalized-
almost-complex structure J .

Let L be the i-eigenspace of the C-linear extension of J to (TX ⊕ T ∗X) ⊗R C.
Consider the complex rank 1 sub-bundle U of ∧•X ⊗R C generated by a complex
form ρ whose Clifford annihilator is precisely L = {v ∈ (TX ⊕ T ∗X)⊗R C : v · ρ = 0}.
Here, the operation denotes the Clifford action of TX ⊕ T ∗X on the space of dif-
ferential forms on X with respect to 〈- | -〉, i.e.,

Cliff (TX ⊕ T ∗X)× ∧•X −→ ∧•−1X ⊕ ∧•+1X

((X + ξ), ϕ) 7−→ (X + ξ) · ϕ := ιXϕ+ ξ ∧ ϕ

as well as its bi-C-linear extension.
For each k ∈ Z, define

Uk := ∧n−kL̄ · U ⊆ ∧X ⊗R C .

By [20, Theorem 4.3], [21, Theorem 3.14], the condition NijJ = 0 is equivalent
to the property

dU• ⊂ U•+1 ⊕ U•−1 .

Therefore, one has [20, §4.4], [21, §3]

d = ∂ + ∂ ,

where

∂bU• := πU•+1 ◦ dbU• : : U• → U•+1 ,

∂bU• := πU•−1 ◦ dbU• : : U• → U•−1 .

Now, let us recall the notion of B-field transform [20, §3.3] and see how it may
affect the initial graduation of forms for a given generalized-complex structure J
defined on X.

Consider a d-closed 2-form B, viewed as a map TX → T ∗X. Consider the
generalized-complex structure given by

J B := exp (−B) J expB, where expB =
(

idT X 0
B idT ∗X

)
.

Then, the Z-graduation is given by [11, §2.3]

U•JB = expB ∧ U•J

and in particular, [11, §2.3],

∂JB = exp (−B) ∂J expB and ∂JB = exp (−B) ∂J expB .
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1.3. Complex and symplectic structures. Complex and symplectic structures
can be seen as very special examples of generalized-complex structures.

Consider a 2n-dimensional differentiable manifoldX endowed with a generalized-
complex structure J . We recall that, [20, §4.3], [21, Definition 3.5], [21, Definition
1.1], the type of J is given by the upper-semi-continuous function on X defined by

type (J ) := 1
2 dimR (T ∗X ∩ J T ∗X) ∈ {0, . . . , n} .

Points at which the type of the generalized-complex structure is locally constant
are called regular points.

A generalized Darboux theorem was proven by M. Gualtieri [20, Theorem 4.35],
[21, Theorem 3.6]. More precisely, for any regular point with type equal to k, there
is an open neighbourhood endowed with a set of local coordinates such that the
generalized-complex structure is a B-field transform of the standard generalized-
complex structure of Ck × R2n−2k.

1.3.1. Symplectic structures. Symplectic structures can be interpreted as generalized-
complex structures of type 0 [20, Example 4.10].

Let X be a compact 2n-dimensional manifold endowed with a symplectic struc-
ture ω ∈ ∧2X. The form ω ∈ ∧2X might be viewed as the isomorphism
ω : TX → T ∗X, which gives rise to the generalized-complex structure

Jω :=
(

0 −ω−1

ω 0

)
.

The Z-graduation on forms is given by [11, Theorem 2.2]

Un−• = exp (iω)
(

exp
(

Λ
2 i

)
(∧•X ⊗R C)

)
,

where Λ := −ιω−1 .
By considering the isomorphism [11, §2.2]

ϕ : ∧X ⊗R C −→ ∧X ⊗R C , where ϕ(α) := exp (iω)
(

exp
(

Λ
2 i

)
α

)
,

one has [11, Corollary 1]
ϕ (∧•X ⊗R C) ' Un−• ,

but also
ϕ d = ∂ ϕ and ϕ dΛ = −2 i ∂ ϕ ,

where dΛ := [d, Λ], see [25, 9].

1.3.2. Complex structures. Complex structures can be interpreted as generalized-
complex structures of type n [20, Example 4.11, Example 4.25].

Let X be a compact 2n-dimensional manifold endowed with a complex struc-
ture J ∈ End(TX). The complex structure gives rise to the generalized-complex
structure

JJ :=
(
−J 0
0 J∗

)
∈ End (TX ⊕ T ∗X) ,

where J∗ ∈ End(T ∗X) denotes the dual endomorphism of J ∈ End(TX).
The Z-graduation on forms is given by [20, Example 4.25]

U•JJ
=

⊕
p−q=•

∧p,q
J X .

Finally, note that ∂ = ∂J and ∂ = ∂J (see also [20, Remark 4.26]).
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2. Generalized-complex subgroups of cohomologies

Let J be a generalized-almost-complex structure on the manifold X.
Note that the differential d does not preserve the Z-graduation U•. In fact, one

can see that GHdR(X) := ker d
im d is not Z-graded. Hence, following [28], it is possible

to force a Z-graduation by studying the subgroups{
GH

(k)
J (X) := ker d∩Uk

im d

}
k∈Z

.

They are denoted by HHk(X) and called generalized cohomology by G. R. Caval-
canti in [10, Definition at page 72].

In the integrable case, one can consider the natural map

GH•BC(X) := ker ∂ ∩ ker ∂
im ∂∂

−→ GHdR(X)

in such a way that, for any k ∈ Z,
GH

(k)
J (X) = im

(
GHk

BC(X)→ GHdR(X)
)
.

Note that ∑
k∈Z

GH
(k)
J (X) ⊆ GHdR(X) ,

but in general, neither the sum is direct nor the inequality is an equality.

Definition 2.1. Let X be a compact manifold. A generalized-almost-complex
structure J on X is called

• C∞-pure if ⊕
k∈Z

GH
(k)
J (X) ⊆ GHdR(X) ;

• C∞-full if ∑
k∈Z

GH
(k)
J (X) = GHdR(X) ;

• C∞-pure-and-full if it is both C∞-pure and C∞-full, that is,⊕
k∈Z

GH
(k)
J (X) = GHdR(X) .

Analogously to [28, Proposition 2.5] and [4, Theorem 2.1], we have the following
proposition, assuring that C∞-fullness is sufficient to have C∞-pure-and-fullness
(compare also with [10, Proposition 4.1]).

Proposition 2.2. Let X be a compact manifold endowed with a generalized-complex
structure J . If J is C∞-full, then it is also C∞-pure, and hence it is C∞-pure-and-
full.

Proof. Suppose that there exists
(1) a ∈ GH

(h)
J (X) ∩GH(k)

J (X)
with h 6= k. Let αh ∈ Uh and αk ∈ Uk such that a =

[
αh
]

=
[
αk
]
. By hypothesis,

we have
GHdR(X) =

∑
`∈Z

GH
(`)
J (X) .

Consider the Mukai pairing:
(-, -) : ∧• X ⊗ C× ∧•X ⊗ C −→ C∞(X;C) , (ϕ1, ϕ2) := (σ(ϕ1) ∧ ϕ2)top ,

where σ acts on decomposable forms as σ(e1 ∧ · · · ∧ e`) := e` ∧ · · · ∧ e1 and (-)top
denotes the top-dimensional component. By [10, Proposition 2.2], one has that the
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previous pairing vanishes in Uh × Uk unless h + k = 0, in which case it is non-
degenerate. Furthermore, it can be seen that it induces a non-degenerate pairing
in cohomology,

(-, -) : GHdR(X)×GHdR(X) −→ C .

However,
(a, GHdR(X)) =

∑
`∈Z

(
a, GH

(`)
J (X)

)
= 0

due to (1). Thus, we can conclude that a = 0. �

As a consequence, we have the following interpretation of C∞-pure-and-fullness.

Proposition 2.3. A generalized-complex structure J on a compact manifold X is
C∞-pure-and-full if and only if the natural map⊕

k∈Z
GHk

BC(X) −→ GHdR(X)

induced by the identity is surjective.

We recall that a generalized-complex manifold is said to satisfy the ∂∂-Lemma,
[10, Definition at page 70], if

im ∂ ∩ ker ∂ = im ∂∂ = im ∂ ∩ ker ∂ .

Note that compact generalized-complex manifolds satisfying the ∂∂-Lemma pro-
vide examples of C∞-pure-and-full structures. In fact, by [10, Theorem 4.2], they
are C∞-full, and by Proposition 2.2, they are also C∞-pure.

Theorem 2.4 (see [10, Theorem 4.2]). Let X be a compact manifold endowed
with a generalized-complex structure J . If it satisfies the ∂∂-Lemma, then J is
C∞-pure-and-full.

Finally, we prove that B-transforms preserve C∞-pure-and-fullness.

Proposition 2.5. Let B be a d-closed 2-form on a compact manifold X. The
generalized-complex structure J on X is C∞-pure-and-full if and only if its B-
transform JB is.

Proof. Suppose that J is C∞-pure-and-full. Let α ∈ GHdR(X,J ) and consider the
d-closed form exp(−B)α. By hypothesis, there exists a form γ such that

exp(−B)α =
∑
k∈Z

αk
J + d γ, where αk

J ∈ Uk
J ∩ ker d .

Therefore,
α =

∑
k∈Z

exp(B)αk
J + d (exp(B) γ) .

Since exp(B)αk
J ∈ Uk

JB
∩ ker d (see [13, §2]), we can conclude that also JB is

C∞-pure-and-full.
The converse follows noting that J is the (−B)-transform of JB . �

As generalized-complex-geometry provides a common framework for both com-
plex and symplectic geometry, one would expect to recover existing concepts of
C∞-pure-and-fullness for these two special cases. We devote to this aim the follow-
ing lines.
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2.1. Symplectic subgroups of cohomologies. Let X be a compact manifold
endowed with a symplectic structure ω. Denote L : ∧• X 3 α 7→ α ∧ ω ∈ ∧•+2X
and Λ := −ιω−1 . Set also P • := ker Λ.

A counterpart of the Bott-Chern cohomology in the symplectic case was intro-
duced and studied by S.-T. Yau and L.-S. Tseng [36, 37, 38, 35]:

SH•BC(X) := ker d∩ ker dΛ

im d dΛ ,

where dΛ := [d,Λ].
Inspired by Proposition 2.3, we will say that, for every k ∈ Z, the symplectic

structure ω is C∞-pure-and-full at the kth stage in the sense of Brylinski [9] if the
natural map

SHk
BC(X) −→ Hk

dR(X;R)
induced by the identity is surjective. When this holds at every stage, it means
that every class in the de Rham cohomology admits a representative being both
d-closed and dΛ-closed: this property is known as satisfying the Brylinski conjecture
[9, Conjecture 2.2.7]. By [29, Corollary 2], [39, Theorem 0.1], [30, Proposition 1.4],
[22], [10, Theorem 5.4], it turns out that the following conditions are equivalent:

• being C∞-pure-and-full at every stage in the sense of Brylinski;
• satisfying the Brylinski conjecture;
• satisfying the Hard Lefschetz Condition;
• satisfying the d dΛ-Lemma.

(Recall that a symplectic structure ω on a compact 2n-dimensional manifold
X is said to satisfy the Hard Lefschetz Condition if, for any k ∈ Z, the map
Lk : Hn−k

dR (X;R) → Hn+k
dR (X;R) is bijective. Recall also that it is said to satisfy

the d dΛ-Lemma if every dΛ-closed, d-exact form is d dΛ-exact too; that is, if the
natural map SH•BC(X)→ H•dR(X;R) is injective).

Let us now show the explicit decomposition of H•dR(X;R) in this case.
Consider the Lefschetz decomposition on the space of forms, ∧•X =

⊕
2r+s=• L

rP s.
Note that C∞-pure-and-fullness at every stage in the sense of Brylinski means that
the Lefschetz decomposition moves to cohomology. More precisely, one can define
the following subgroups [6]

H(r,s)
ω (X) := {[α] ∈ H•dR(X;C) : α ∈ LrP s}

and consider [36]

SH(r,s)
ω (X) := LrH(0,s)

ω (X)

= im
(
LrPHs

BC(X)→ H2r+s
dR (X;R)

)
=

{
Lr
[
β(s)

]
∈ H2r+s

dR (X;R) : β(s) ∈ P s
}
⊆ H2r+s

dR (X;R) ,

where

PH•BC(X) := ker d∩ ker dΛ ∩P •

im d dΛ .

By [6, Remark 2.3], it can be seen that ω is C∞-pure-and-full in the sense of Brylinski
if and only if

H•dR(X;R) =
⊕

2r+s=•
SH(r,s)

ω (X) .

Let us now compare the notions of C∞-pure-and-fullness for a symplectic struc-
ture in the sense of Brylinski and for its induced generalized-complex structure.
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Proposition 2.6. Let X be a compact manifold. Consider a symplectic structure
ω on X, viewed as a generalized-almost-complex structure J . Then J is C∞-pure-
and-full if and only if ω is C∞-pure-and-full at every stage in the sense of Brylinski.

Proof. It suffices to observe that, in view of [13, §2],

ϕ := exp(iω) exp
(

Λ
2 i

)
: ∧n−• X

'−→ U•J .

Furthermore,

∂J = − i
2 ϕ ◦ dΛ ◦ϕ−1 and ∂J = ϕ ◦ d ◦ϕ−1 .

Then we have the commutative diagram

TotSH•BC(X) '
ϕ

//

����

TotGH•BC(X)

����
im (TotSH•BC(X)→ TotH•dR(X;R)) ϕ

'
//

� _

��

im (TotGH•BC(X)→ GHdR(X))� _

��
TotH•dR(X;R) GHdR(X) .

This concludes the proof. �

Remark 2.7. Concerning the notion of C∞-pure-and-fullness in the sense of [6],
that is, the property that

H•dR(X;R) =
⊕

2r+s=•
H(r,s)

ω (X) ,

we note that it is strictly weaker than the notion of C∞-pure-and-fullness in the
sense of Brylinski. In fact, by [6, Theorem 2.6], every compact 4-dimensional sym-
plectic manifold is C∞-pure-and-full in the sense of [6]. On the other side, there
are examples of such manifolds that do not satisfy the Hard Lefschetz Condition:
hence, they are non-C∞-pure-and-full in the sense of Brylinski. For example, con-
sider non-tori nilmanifolds, [7, Theorem A], see also [8, Theorem 9.2]. For a higher-
dimensional example, see the results by M. Rinaldi in [33].

2.2. Complex subgroups of cohomologies. In the almost-complex case, T.-J.
Li and W. Zhang introduced and studied the notion of C∞-pure-and-fullness in [28]
(see [17, 4, 5] and the references therein for further results).

More precisely, let J be an almost-complex structure on the manifold X. For
each (p, q) ∈ Z2, consider the subgroup

H
(p,q)
J (X) := {[α] ∈ H•dR(X;C) : α ∈ ∧p,qX} .

Given k ∈ Z, the almost-complex structure J is called complex-C∞-pure-and-full at
the kth stage in the sense of Li and Zhang [28] if⊕

p+q=k

H
(p,q)
J (X) = Hk

dR(X;C) .

Now we would like to compare the notions of C∞-pure-and-fullness for a complex
structure in the sense of Li and Zhang and for its induced generalized-complex
structure.
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Lemma 2.8. Let X be a compact manifold. Consider an almost-complex structure
J on X, viewed as a generalized-almost-complex structure J . Then, for any k ∈ Z,
it holds

GH
(k)
J =

⊕
p−q=k

H
(p,q)
J (X) .

Proof. Observe that in the almost-complex case the following equality holds

Uk
J =

⊕
p−q=k

∧p,q
J X .

In general, the differential d of a generalized-complex structure can be decomposed
as

d = AJ + ∂J + ∂J + ĀJ : Uk
J −→ Uk+2

J ⊕ Uk+1
J ⊕ Uk−1

J ⊕ Uk−2
J .

However, as J is actually an almost-complex structure one has
d = AJ +∂J +∂J + ĀJ : ∧p,q

J X −→ ∧p+2,q−1
J X⊕∧p+1,q

J X⊕∧p,q+1
J X⊕∧p−1,q+2

J X

and therefore,
AJ = AJ , ∂J = ∂J , ∂J = ∂J and ĀJ = ĀJ .

Take [α] ∈ GH(k)
J (X) with α =

∑
p−q=k α

(p,q) ∈ Uk
J and α(p,q) ∈ ∧p,q

J X. Then
AJα = ∂Jα = ∂Jα = ĀJα = 0, but also AJα = ∂Jα = ∂Jα = ĀJα = 0. Thus,
dα(p,q) = 0 for any (p, q); that is, [α] =

∑
p−q=k

[
α(p,q)] where [α(p,q)] ∈ H(p,q)

J (X).
The sum is obviously direct. �

As a consequence, we get the following.

Proposition 2.9. Let X be a compact manifold. Consider an almost-complex
structure J on X, viewed as a generalized-almost-complex structure J . Then J is
C∞-pure-and-full if and only if J is complex-C∞-pure-and-full at every stage in the
sense of Li and Zhang.

3. Generalized-complex structures on the differential nilmanifold
underlying Iwasawa

The Iwasawa manifold is the complex nilmanifold defined by
I3 := H(3;Z[i])\H(3;C)

where H(3;C) is the 3-dimensional Heisenberg group over C, that is,

H(3;C) :=


 1 z1 z3

0 1 z2

0 0 1

 ∈ GL(3;C) : z1, z2, z3 ∈ C

 ,

and H(3;Z[i]) := H(3;C)∩GL(3;Z[i]). It is worth to remark that it constitutes one
of the simplest examples of non-Kähler complex manifold (see, e.g., [18, 31]).

In our case, we are interested in its underlying real nilmanifold that we will denote
byM = Γ\G. Following [34], let g = (0, 0, 0, 0, 13+42, 14+23) be the real nilpotent
Lie algebra naturally associated to G (i.e., the differentiable Lie group underlying
H(3;C)). This notation means that g∗ admits a basis {ek}6k=1 satisfying

d e1 = d e2 = d e3 = d e4 = 0
d e5 = e13 − e24

d e6 = e14 + e23

,

where eij := ei ∧ ej . These are known as the structure equations.
By the Nomizu theorem, [32, Theorem 1], the de Rham cohomology ofM can be

computed by means of the associated Lie algebra g (i.e., using the previous structure
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equations). More precisely, given the Riemannian metric g :=
∑6

j=1 e
j � ej , the

harmonic representatives of the de Rham cohomology are the following:
H0

dR(M ;R) = R 〈[1]〉 ,

H1
dR(M ;R) = R

〈[
e1] , [e2] , [e3] , [e4]〉 ,

H2
dR(M ;R) = R

〈[
e12] , [e34] , [e15 − e26] , [e25 + e16] ,[

e35 − e46] , [e45 + e36] , [e13 + e24] , [e23 − e14]〉 ,
H3

dR(M ;R) = R
〈[
e125] , [e126] , [e345] , [e346] ,[

e135 − e245 − e236 − e146] , [e235 + e145 + e136 − e246] ,[
−e135 + e236 − e146 − e245] , [−e136 − e235 + e145 − e246] ,[
e135 + e245 + e236 − e146] , [−e235 + e145 + e136 + e246]〉 ,

H4
dR(M ;R) = R

〈[
e1256] , [e3456] , [e2346 − e1345] , [e1346 + e2345] ,[

e1246 − e1235] , [e1236 + e1245] , [e2456 + e1356] , [e1456 − e2356]〉 ,
H5

dR(M ;R) = R
〈[
e23456] , [e13456] , [e12456] , [e12356]〉 ,

H6
dR(M ;R) = R

〈[
e123456]〉 .

Any linear complex structure J defined on g gives rise to a complex structure
on M that will be called left-invariant. The Iwasawa manifold can be regarded as
one of these structures, although there is an infinite family of them (see [1, 16] for
a complete classification up to isomorphism).

Let g1,0 be the i-eigenspace of J as an endomorphism on g∗C := (g ⊗R C)∗.
It is well-known that J is a complex structure on g if and only if d(g1,0) ⊂
∧2,0(g∗C) ⊕ ∧1,1(g∗C). There are two special types of complex structures that de-
serve our attention.

• J is said to be holomorphically-parallelizable if d(g1,0) ⊂ ∧2,0(g∗C). In this
case, g can be endowed with a complex Lie algebra structure and M has
a global basis of holomorphic vector fields.

• J is called Abelian if d(g1,0) ⊂ ∧1,1(g∗C). In this case, it turns out that g1,0

is actually an Abelian complex Lie algebra.
From the general study accomplished in [27], one can conclude that there are

only two left-invariant complex structures defined onM which are C∞-pure-and-full
at every stage in the sense of Li and Zhang. They are precisely the holomorphically-
parallelizable structure J0 corresponding to the Iwasawa manifold (as proven in [4])
and the Abelian structure J1 in [1, Theorem 3.3]. In the following lines, we give
the explicit decomposition of the de Rham cohomology groups for each of these
structures.

With respect to the basis {ek}6k=1, the complex structure J0 can be defined as
(see [31])

J0e
1 = −e2 , J0e

3 = −e4 , J0e
5 = −e6 .

Therefore, the forms
ϕ1

0 := e1 + i e2 loc= d z1 ,

ϕ2
0 := e3 + i e4 loc= d z2 ,

ϕ3
0 := e5 + i e6 loc= d z3 − z1 d z2
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provide a left-invariant co-frame for the space of (1, 0)-forms on M with respect to
J0, with complex structure equations

dϕ1
0 = 0

dϕ2
0 = 0

dϕ3
0 = ϕ1

0 ∧ ϕ2
0

.

As already stated, J0 is complex-C∞-pure-and-full at every stage in the sense of
Li and Zhang [2, Theorem 3.1]. In fact, it is possible to see that

H1
dR(M ;C) = C

〈[
ϕ1

0
]
,
[
ϕ2

0
]〉︸ ︷︷ ︸

H
(1,0)
J0

(M)

⊕ C
〈[
ϕ1̄

0

]
,
[
ϕ2̄

0

]〉
︸ ︷︷ ︸

H
(0,1)
J0

(M)

,

H2
dR(M ;C) = C

〈[
ϕ12

0
]
,
[
ϕ23

0
]〉︸ ︷︷ ︸

H
(2,0)
J0

(M)

⊕ C
〈[
ϕ1̄3̄

0

]
,
[
ϕ2̄3̄

0

]〉
︸ ︷︷ ︸

H
(0,2)
J0

(M)

⊕ C
〈[
ϕ11̄

0

]
,
[
ϕ12̄

0

]
,
[
ϕ21̄

0

]
,
[
ϕ22̄

0

]〉
︸ ︷︷ ︸

H
(1,1)
J0

(M)

,

H3
dR(M ;C) = C

〈[
ϕ123

0
]〉︸ ︷︷ ︸

H
(3,0)
J0

(M)

⊕ C
〈[
ϕ1̄2̄3̄

0

]〉
︸ ︷︷ ︸

H
(0,3)
J0

(M)

⊕ C
〈[
ϕ131̄

0

]
,
[
ϕ132̄

0

]
,
[
ϕ231̄

0

]
,
[
ϕ232̄

0

]〉
︸ ︷︷ ︸

H
(2,1)
J0

(M)

⊕ C
〈[
ϕ11̄3̄

0

]
,
[
ϕ12̄3̄

0

]
,
[
ϕ21̄3̄

0

]
,
[
ϕ22̄3̄

0

]〉
︸ ︷︷ ︸

H
(1,2)
J0

(M)

,

H4
dR(M ;C) = C

〈[
ϕ1231̄

0

]
,
[
ϕ1232̄

0

]〉
︸ ︷︷ ︸

H
(3,1)
J0

(M)

⊕ C
〈[
ϕ11̄2̄3̄

0

]
,
[
ϕ21̄2̄3̄

0

]〉
︸ ︷︷ ︸

H
(1,3)
J0

(M)

⊕ C
〈[
ϕ131̄3̄

0

]
,
[
ϕ132̄2̄

0

]
,
[
ϕ231̄3̄

0

]
,
[
ϕ232̄3̄

0

]〉
︸ ︷︷ ︸

H
(2,2)
J0

(M)

,

H5
dR(M ;C) = C

〈[
ϕ1231̄3̄

0

]
,
[
ϕ1232̄3̄

0

]〉
︸ ︷︷ ︸

H
(3,2)
J0

(M)

⊕ C
〈[
ϕ131̄2̄3̄

0

]
,
[
ϕ231̄2̄3̄

0

]〉
︸ ︷︷ ︸

H
(2,3)
J0

(M)

,

where we have listed the harmonic representatives with respect to the Hermitian
metric g0 :=

∑3
j=1 ϕ

j
0 � ϕ̄

j
0 and we have shortened, e.g., ϕ11̄

0 := ϕ1
0 ∧ ϕ̄1

0.

Following [1, Theorem 3.3], one can define the Abelian complex structure J1
with respect to the basis {ek}6k=1 by

J1e
1 = −e3 , J1e

2 = −e4 , J1e
5 = −e6 .
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Then, the forms

ϕ̃1
1 := e1 + i e3 , ϕ̃2

1 := e2 + i e4 , ϕ̃3
1 := e5 + i e6

provide a left-invariant co-frame for the space of (1, 0)-forms on M with respect to
J1, with complex structure equations

d ϕ̃1
1 = 0

d ϕ̃2
1 = 0

d ϕ̃3
1 = i

2 ϕ̃
1
1 ∧ ϕ̃1̄

1 − 1
2 ϕ̃

1
1 ∧ ϕ̃2̄

1 − 1
2 ϕ̃

2
1 ∧ ϕ̃1̄

1 − i
2 ϕ̃

2
1 ∧ ϕ̃2̄

1

.

Applying the change of basis

ϕ1
1 = ϕ̃1

1 − i ϕ̃2
1, ϕ2

1 = ϕ̃1
1 + i ϕ̃2

1, ϕ3
1 = 2 i ϕ̃3

1,

we obtain 
dϕ1

1 = 0
dϕ2

1 = 0
dϕ3

1 = −ϕ2
1 ∧ ϕ̄1

1

.

Observe that these last equations yield to the following equivalent definition of
the complex structure J1:

J1e
1 = −e2 , J1e

3 = e4 , J1e
5 = e6 .

As previously said, J1 is complex-C∞-pure-and-full at every stage in the sense
of Li and Zhang (see [26, Proposition 4] as regards to the first stage, see also [27]).
In fact, one has

H1
dR(M ;C) = C

〈[
ϕ1

1
]
,
[
ϕ2

1
]〉︸ ︷︷ ︸

H
(1,0)
J1

(M)

⊕ C
〈[
ϕ1̄

1

]
,
[
ϕ2̄

1

]〉
︸ ︷︷ ︸

H
(0,1)
J1

(M)

,

H2
dR(M ;C) = C

〈[
ϕ12

1
]
,
[
ϕ23

1
]〉︸ ︷︷ ︸

H
(2,0)
J1

(M)

⊕ C
〈[
ϕ1̄2̄

1

]
,
[
ϕ2̄3̄

1

]〉
︸ ︷︷ ︸

H
(0,2)
J1

(M)

⊕ C
〈[
ϕ11̄

1

]
,
[
ϕ22̄

1

]
,
[
ϕ13̄

1

]
,
[
ϕ31̄

1

]〉
︸ ︷︷ ︸

H
(1,1)
J1

(M)

,

H3
dR(M ;C) = C

〈[
ϕ123

1
]〉︸ ︷︷ ︸

H
(3,0)
J1

(M)

⊕ C
〈[
ϕ1̄2̄3̄

1

]〉
︸ ︷︷ ︸

H
(0,3)
J1

(M)

⊕ C
〈[
ϕ123̄

1

]
,
[
ϕ131̄

1

]
,
[
ϕ231̄

1

]
,
[
ϕ232̄

1

]〉
︸ ︷︷ ︸

H
(2,1)
J1

(M)

⊕ C
〈[
ϕ11̄3̄

1

]
,
[
ϕ12̄3̄

1

]
,
[
ϕ22̄3̄

1

]
,
[
ϕ31̄2̄

1

]〉
︸ ︷︷ ︸

H
(1,2)
J1

(M)

,

H4
dR(M ;C) = C

〈[
ϕ1231̄

1

]
,
[
ϕ1233̄

1

]〉
︸ ︷︷ ︸

H
(3,1)
J1

(M)

⊕ C
〈[
ϕ11̄2̄3̄

1

]
,
[
ϕ31̄2̄3̄

1

]〉
︸ ︷︷ ︸

H
(1,3)
J1

(M)
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⊕ C
〈[
ϕ131̄3̄

1

]
,
[
ϕ232̄3̄

1

]
,
[
ϕ122̄3̄

1

]
,
[
ϕ231̄2̄

1

]〉
︸ ︷︷ ︸

H
(2,2)
J1

(M)

,

H5
dR(M ;C) = C

〈[
ϕ1231̄3̄

1

]
,
[
ϕ1232̄3̄

1

]〉
︸ ︷︷ ︸

H
(3,2)
J1

(M)

⊕ C
〈[
ϕ131̄2̄3̄

1

]
,
[
ϕ231̄2̄3̄

1

]〉
︸ ︷︷ ︸

H
(2,3)
J1

(M)

.

Again, we have listed the harmonic representatives with respect to the Hermitian
metric g1 :=

∑3
j=1 ϕ

j
1 � ϕ̄

j
1 and we have shortened, e.g., ϕ11̄

1 := ϕ1
1 ∧ ϕ̄1

1.

As it is observed in [24, Theorem 4.6, Theorem 1.3], the space of left-invariant
oriented complex structures on M has the homotopy type of the disjoint union of
a point and a 2-sphere. However, G. R. Cavalcanti and M. Gualtieri show in [15]
that it is possible to connect these two disjoint components by means of a left-
invariant generalized-complex structure ρ of type 1 on M . In fact, one can see that
this structure precisely connects, up to B-transforms and β-transforms, our complex
structures J0 and J1. As these are the only two left-invariant complex structures on
M , up to equivalence, that are C∞-pure-and-full as generalized-complex structures,
it is natural to wonder what happens to ρ.

Next, we prove that ρ is actually C∞-pure-and-full and we provide another man-
ner of joining J0 and J1 by means of left-invariant almost-complex structures on
M . In contrast, we show that this new path is not C∞-pure-and-full in the sense of
Li and Zhang.

3.1. Connecting generalized-complex structure by Cavalcanti and Gualtieri.
Consider the generalized-complex structure J given by G. R. Cavalcanti and M.
Gualtieri in [15, §5]. Observe that it is defined by the canonical bundle with gen-
erator

ρ := exp
(
i
(
−e36 − e45)) ∧ (e1 + i e2) .

Let us see that this structure is C∞-pure-and-full by computing the subgroups
GH

(k)
J (M) = im

(
GHk

BC(M)→ GHdR(M)
)
. Observe that these calculations can

be done at the Lie algebra level as a consequence of [32] and [3].

Consider the fibration(
T4, ω

) � � // M

����

(e3, e4, e5, e6) � // (e1, . . . , e6)
_

��
(e1, e2)

(
T2, J

)
where

ω := −e36 − e45 and J : e1 7−→ e2 .

We note that, for every k ∈ Z, one has

Uk =
⊕

r+s=k

Ur
J ⊗ Us

ω .
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Therefore, we compute

U1
J =

〈
e1 + i e2〉 ,

U0
J =

〈
1, e12〉 ,

U−1
J =

〈
e1 − i e2〉 ,

and

U2
ω =

〈
1− i e36 − i e45 − e3456〉 ,

U1
ω =

〈
e3 − i e345, e4 + i e346, e5 + i e356, e6 − i e456〉 ,

U0
ω =

〈
e34, e35, e46, e56, e36 − e45, 1 + e3456〉 ,

U−1
ω =

〈
e3 + i e345, e4 − i e346, e5 − i e356, e6 + i e456〉 ,

U−2
ω =

〈
1 + i e36 + i e45 − e3456〉 .

From these computations, we get the claim. In fact, it can be seen that:

GH
(3)
J (M) = C

〈[
e1 + i e2 − i e136 − i e145 + e236 + e245 − e13456 − i e23456]〉 ,

GH
(2)
J (M) = C

〈[
e13 + i e23 − i e1345 + e2345] , [1− i e36 − i e45 − e3456] ,[

e15 + i e16 + i e25 − e26 + i e1356 + e1456 − e2356 + i e2456] ,[
e12 − i e1236 − i e1245 − e123456]〉 ,

GH
(1)
J (M) = C

〈[
e1 + i e2 + e13456 + i e23456] , [e3 − i e345] , [e4 + i e346] ,[

e125 + i e12356] , [e126 − i e12456] , [e135 − e146 + i e235 − i e246] ,[
e1 − i e2 − i e136 − i e145 − e236 − e245 − e13456 + i e23456] ,[
e136 − e145 − 2 i e146 + i e236 − i e245 + 2 e246]〉

GH
(0)
J (M) = C

〈[
e13 + i e23 + i e1345 − e2345] , [e34] , [1 + e3456] , [e1235] ,[

e1256] , [e12 + e123456] , [e13 − i e23 − i e1345 − e2345] , [e35 − e46] ,[
e15 + i e16 + i e25 − e26 − i e1356 − e1456 + e2356 − i e2456] ,[
e15 − i e16 − i e25 − e26 + i e1356 − e1456 + e2356 + i e2456]〉 ,

GH
(−1)
J (M) = C

〈[
e1 − i e2 + e13456 − i e23456] , [e3 + i e345] , [e4 − i e346] ,[

e125 − i e12356] , [e126 + i e12456] , [e135 − e146 − i e235 + i e246] ,[
e1 + i e2 + i e136 + i e145 − e236 − e245 − e13456 − i e23456] ,[
e136 − e145 + 2 i e146 − i e236 + i e245 + 2 e246]〉 ,

GH
(−2)
J (M) = C

〈[
e13 − i e23 + i e1345 + e2345] , [1 + i e36 + i e45 − e3456] ,[

e15 − i e16 − i e25 − e26 − i e1356 + e1456 − e2356 − i e2456] ,
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e12 + i e1236 + i e1245 − e123456]〉 ,

GH
(−3)
J (M) = C

〈[
e1 − i e2 + i e136 + i e145 + e236 + e245 − e13456 + i e23456]〉 .

3.2. Connecting almost-complex structures. Let us start noting that the
generalized-complex structure ρ cannot be viewed as an almost-complex struc-
ture. For this aim, consider again the generalized-complex structure ρ :=
exp

(
i
(
−e36 − e45)) ∧ (e1 + i e2) by Cavalcanti and Gualtieri [15, §5]. For each

t ∈ [0, 1], take the B-field
Bt := exp(π i t)

(
e35 − e46)

and the β-field

βt := −1
4 exp(π i t) (e3 − i exp(π i t) e4) (e5 − i exp(π i t) e6) .

One has
exp(−βt) exp(−Bt) ρ =

(
e1 + i e2)∧(e3 + i exp(π i t) e4)∧(e5 + i exp(π i t) e6) .

The endomorphism

Kt :


e1 7→ −e2

e3 7→ − exp(π i t) e4

e5 7→ − exp(π i t) e6

is not an almost-complex structure for each t ∈ [0, 1].
We now construct a curve of almost-complex structures on M connecting the

holomorphically-parallelizable structure J0 and the Abelian complex structure
J1. Notice that, up to β-transforms and B-transform, it gives rise to a curve
of generalized-almost-complex structures. We study C∞-pure-and-fullness for the
almost-complex structures.

For t ∈ [0, 1], consider the almost-complex structure

(2) Jt :=


1

−1
cos(π t) sin(π t)

− cos(π t) sin(π t)
− sin(π t) cos(π t)

− sin(π t) − cos(π t)

 ∈ End(TM) .

Observe that the notation is coherent with the previous for t = 0 and t = 1.
That is, J0 coincides with the above holomorphically-parallelizable structure, and
J1, with the above Abelian complex structure.

Consider
ρt :=

(
e1 + i e2) ∧ (e3 + i

(
cos(π t) e4 + sin(π t) e6))

∧
(
e5 − i

(
sin(π t) e4 − cos(π t) e6)) .

In an equivalent manner, we can write it as:
ρt =

(
e1 + i e2) ∧ (−1 + exp(Ξ) ∧ exp(i ωt))

where
Ξ := e35 − e46 and ωt := cos(π t)

(
e45 + e36)− sin(π t)

(
e34 + e56) .

Take β := e35 ∈ ∧2TM . Then
exp(β) ρt =

(
e1 + i e2) ∧ exp(Ξ) ∧ exp(i ωt) .
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Take also B := −Ξ ∈ ∧2M . We obtain
exp(B) exp(β) ρt =

(
e1 + i e2) ∧ exp(i ωt) .

By computing
(
e1 + i e2) ∧ (e1 − i e2) ∧ ω2

t = −4 i e123456 6= 0, we have that
exp(B) exp(β) ρt yields to a generalized-almost-complex structure of type 1 on M ,
due to [20, Theorem 4.8].

We study complex-C∞-pure-and-fullness in the sense of Li and Zhang for Jt.
Define the following basis of (1, 0)-forms with respect to Jt:

ϕ1
t = e1 + i e2

ϕ2
t = e3 + i

(
cos(π t) e4 + sin(π t) e6)

ϕ3
t = e5 − i

(
sin(π t) e4 − cos(π t) e6) .

The structure equations can be expressed as

dϕ1
t = 0

dϕ2
t = 1

4 sin(π t)
(
(1 + cos(π t)) ϕ12

t − sin(π t)ϕ13
t

+ (1− cos(π t)) ϕ12̄
t + sin(π t)ϕ13̄

t + (1− cos(π t)) ϕ21̄
t

sin(π t)ϕ31̄
t − (1 + cos(π t)) ϕ1̄2̄

t + sin(π t)ϕ1̄3̄
t

)
dϕ3

t = 1
4

(
(1 + cos(π t))2

ϕ12
t − sin(π t) (1 + cos(π t)) ϕ13

t(
1− cos2(π t)

)
ϕ12̄

t + sin(π t) (1 + cos(π t)) ϕ13̄
t

− (1− cos(π t))2
ϕ21̄

t − sin(π t) (1− cos(π t)) ϕ31̄
t(

1− cos2(π t)
)
ϕ1̄2̄

t − sin(π t) (1− cos(π t)) ϕ1̄3̄
t

)

.

By direct computation, it is possible to see that, for t ∈ {0, 1}, one has

H
(1,0)
Jt

(M) = C
〈[
ϕ1

t

]
,
[
ϕ2

t

]〉
and H

(0,1)
Jt

(M) = C
〈[
ϕ̄1

t

]
,
[
ϕ̄2

t

]〉
,

whereas, for t ∈ (0, 1),

H
(1,0)
Jt

(M) = C
〈[
ϕ1

t

]〉
and H

(0,1)
Jt

(M) = C
〈[
ϕ̄1

t

]〉
.

Therefore, the almost-complex structures in the interior of the path (2) joining
the holomorphically-parallelizable and the Abelian complex structures on M are
not complex-C∞-full at the first stage in the sense of Li and Zhang. Consequently,
by Proposition 2.9, they are not C∞-pure-and-full as generalized-almost-complex-
structures.
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